Over the past decade, remarkable advances have been realized in chip-based nonlinear photonic devices for classical and quantum applications in the near-and mid-infrared regimes. However, few demonstrations have been realized in the visible and near-visible regimes, primarily due to the large normal material group-velocity dispersion (GVD) that makes it challenging to phase match third-order parametric processes. In this paper, we show that exploiting dispersion engineering of higher-order waveguide modes provides waveguide dispersion that allows for small or anomalous GVD in the visible and near-visible regimes and phase matching of four-wave mixing processes.
I. INTRODUCTION
With the rapid development of nanofabrication techniques, nonlinear-and quantum-based applications are being realized in chip-scale devices. In order to operate with high efficiency, third-order parametric nonlinear processes must satisfy phase matching (PM) conditions largely governed by the group-velocity dispersion (GVD). In photonic waveguides the GVD has contributions from the material and from the waveguide confinement. The waveguide GVD can be tuned by changing the structure dimensions [1], which for four-wave mixing requires anomalous or near-zero GVD. This is critical for applications such as Kerr frequency comb generation (KCG) [2, 3] and photon-pair generation (PPG) [4] . However to date, most demonstrations are limited to the near-infrared (NIR) [2] and mid-infrared regimes [5, 6] .
For all photonic materials [e.g., silicon nitride (SiN), silica, etc.] the GVD becomes highly normal at shorter wavelengths, which makes it impossible to satisfy the PM conditions with conventional waveguide dispersion engineering. Overcoming this obstacle is essential to developing chip-based photonics in the visible and near-visible regimes.
In this paper, we perform dispersion engineering by utilizing the high-order-modes of * yz3019@columbia.edu chip-based waveguides to create anomalous GVD across a large range of wavelengths in the near-visible and visible regimes. We demonstrate the power of this dispersion engineering by generating broadband Kerr combs near 784 nm, which represents the first soliton comb at this wavelength regime using a monolithically integrated chip-based platform. The low wavelength side of the comb reaches visible regime (<710 nm), which are the shortest wavelength components generated directly by a Kerr frequency comb. We also show that this dispersion engineering enables a silicon chip-based narrow-band photon-pair source at nearvisible wavelengths and is compatible with rubidium quantum memories (operating near 795 nm). We also show through simulation that combs deep in the visible are possible, which overlap Hg + and Yb transitions.
II. DISPERSION ENGINEERING USING HIGH-ORDER MODES
The refractive indices of most materials can be modeled by a simple two-level system [7] , which yields the Sellmeier equation. Such a model yields a refractive index n(ω) that scales as (ω 2 0 − ω 2 ) −1/2 , where ω 0 is the frequency of the material resonance. For visible light, the dominating resonance frequency corresponds to the bandgap energy, which creates strong normal GVD as the light frequency shifts towards to it.
To illustrate the power of dispersion engineering using high-order waveguide modes, we start with normalized parameters [9] for a step-index slab waveguide [inset, Fig. 1(a) ]. Our results capture the behavior of rectangular waveguides since their effective refractive index can be approximated by two slab waveguides with the effective index method [9] . The two essential parameters are,
where V, b are the normalized frequency and refractive index, respectively, c is the speed of light, h is the waveguide height, n co and n cl are the refractive indices of the core and the cladding, respectively. For TE modes, V and b obey the transcendental equation,
where m is the mode order. Equation (3) is useful in analyzing the dispersion properties of waveguides [10] , and we focus our attention on the waveguide dispersion by setting the material dispersion to zero, that is, n co and n cl are independent of ω. The waveguide GVD can then be written as,
where
dV 2 is the normalized GVD and contains the general waveguide GVD properties. Due to the transcendental nature of Eqn. (3), B 2 is calculated numerically. From Fig. 1(a) , we observe that close to the cutoff frequency, B 2 is strongly positive (normal).
As the frequency increases, B 2 becomes strongly negative (anomalous) and then gradually decreases in magnitude while maintaining its sign. More importantly, we find that the higher-order modes can produce larger negative B 2 than the lower-order ones. A similar idea is shown for whispering gallery mode resonators (WGMR) where the analysis takes a different approach [8] .
Designing a waveguide that compensates for the large normal GVD of photonic materials in the near-visible and visible regimes requires access to the large negative part of B 2 . This can be achieved by using high-order modes and small waveguide structures. In this work, we base our devices on the SiN platform. We use a finite-element method (FEM) mode solver with a well characterized Sellmeier equation for our SiN thin film [5] to accurately model the total GVD of rectangular waveguides and microresonators. Although stronger anomalous GVD can be realized with a smaller waveguide size, the reduction in size also introduces additional losses due to an increase in scattering at the core-cladding interface.
For the current experiments, we choose a waveguide cross section of 730 nm × 1330 nm and a ring resonator radius of 22 µm, with a width fabrication uncertainty of ± 40 nm. The simulated GVD is plotted in Fig. 1(b) . We operate at the TE 10 mode whose zero-GVD point is near 760 nm. We design the bus-ring coupling region so that the TE 00 mode of the bus excites the TE 10 mode of the ring [11] . This is done by matching the effective refractive index of the two modes, which leads to bus dimensions of 730 × 568 nm [ Fig. 1(c) ]. In this way, we ensure that the input and output modes are fundamental even though the resonating modes are in higher-order, making this device easy to interface with any other on-chip component. To verify that the TE 10 mode is indeed excited, in selected devices we include a drop port, that has the same cross section as the ring. The mode profile in the ring can be imaged at the output of the drop-port [top inset, Fig. 1(d) ] with a microscope configuration and a camera. These drop-port devices, however, are not used for KCG or PPG since the extra coupling loss reduces the Q. The final schematic of the device is shown in Fig. 1(d) . We characterize the Q of our devices using a wavemeter-calibrated frequency scan and a Lorentzian fit. The full width at half maximum (FWHM) is measured to be 501 MHz, which corresponds to a loaded Q of 7.7 × 10 5 with an extinction ratio of 74%.
III. KERR COMB GENERATION
The first application we demonstrate using this high-order-mode nonlinear microresonator is Kerr frequency comb generation reaching the visible regime. Kerr frequency combs provide a pathway towards fully integrated comb sources that could find applications across numerous areas of science and engineering [2, 3, 12, 13] , including spectroscopy [6, 14? , 15], ranging [16, 17] , frequency synthesizer [18] , and coherent communication [19] . Moreover, extending KCG to near-visible and visible wavelengths enables additional applications in optical clockwork [20, 21] , astronomical spectrograph calibration [22] [23] [24] , and biological imaging [25, 26] . Additionally, these wavelength regimes are compatible with the low-cost high-quality Si-based detectors and cameras. Various schemes have been proposed and tested in the past, including direct generation [27] [28] [29] [30] and frequency conversion from telecom combs [31, 32] , but to date, modelocking has only been demonstrated by Lee, et al. [33] near 778 nm using a silica WGMR. While SiN has proven to be highly promising platform in the near-IR, at near-visible wavelengths, SiN has a material GVD that is more than 5 times higher than that of silica used in [33] . To date, the lowest wavelength achieved by a mode-locked Kerr comb on this platform is demonstrated by Yu, et al. near 770 nm [34] , by generating a dispersive wave fed by a main soliton pumped at 1 µm. The dispersive wave process is governed by the higer-order dispersion coefficients, making it sensitive to fabrication variations. It is thus advantageous to directly generate a soliton in this wavelength regime since it also can provide higher comb power, far more comb lines, and reach lower wavelengths as compared to a dispersive wave
We generate a soliton-modelocked comb using the device described in the previous section with the thermal tuning method as demonstrated by Joshi, et al. [35] . Specifically, we fix the pump laser frequency to the blue side of the resonance and decrease the heater voltage which blue-detunes the resonance. At the output, we record the comb spectrum and power. . This is the preferred state since it has an intracavity power that is close to that of the chaotic state, making it experience the least amount of thermal backlash after the "soliton step", which we find to be more pronounced than in the near IR. For pumping at 782 nm, which is one free spectral range (FSR) away from 784 nm, the 5-soliton state is found to be most stable, indicating that a mode interaction near 792 nm is the dominant factor in determining the pattern of the soliton state [36] . Limited by the dynamic range of the OSA (≈ 60 dB), we obtain the spectrum in two shots under the same experimental conditions. We observe a comb line at 710 nm which represents the shortest wavelength generated directly by a Kerr comb. We then fit our experiment spectrum with a sech 2 envelope which yields a 3-dB bandwidth of 9.9 THz.
We further characterize the noise properties of the generated soliton state with a radio frequency spectrum analyzer (RFSA). We gradually tune the pump laser into resonance and record the noise at three different stages of KCG process [indicated in Fig. 2(b) ], namely the minicomb state (A), chaotic state (B) and soliton state (C). As observed previously [35] , the minicomb stage has a low noise floor with sharp peaks, the chaotic state has broadband and high noise, and the soliton state has a flat noise spectrum and the lowest RF noise of all three stages.
One appealing property of the generated near-visible combs is that they span several atomic transitions that are commonly used for time and frequency metrology. For example, the transitions allow for full stabilization of the comb by locking two of the comb lines to two atomic transitions [21] . Here, we show the interaction between our comb and rubidium (Rb) atoms by scanning a comb line near 795 nm across the well known Rb D1 transition.
To generate such a comb line from our 4-soliton state, we increase our pump power from 220 mW to 270 mW. At large pump-cavity detuning, we observe weaker comb lines appearing between the strong comb lines [ Fig. 3(a) ]. This is caused by the disruption of the perfect symmetric soliton locations due to high power, which is well modeled in our simulations [Fig.
We use a bandpass filter to select the comb line near 795 nm and send it through a 2-cm-long 85 Rb pure isotope cell held at 53.7
• C. As a result of soft thermal locking [37] , this comb line can be tuned by up to 10 GHz by simply tuning the pump wavelength. In our experiment, we tune the pump laser by 5 GHz through piezoelectric tuning and record the transmission of the 795-nm comb line [ Fig. 3(c) ]. We also fit our experimental data to the theoretical calculations based on published properties of Rb [38] . The fitting parameters are the atomic density, the location of the zero detuning (defined by the F = 3 to F ′ = 2 transition), and the scanning range. We observe good agreement between theory and experiment, indicating that the comb lines are strongly interacting with atoms. The slight lower transmission at the two extremes of detuning is caused by residual 87 Rb atoms in the 85 Rb cell.
IV. PHOTON-PAIR GENERATION
Nonlinear photonic devices in the near-visible and visible wavelength regime are important for quantum applications. First, nonclassical states can only be generated through nonlinear processes. Secondly, the existence of high quality avalanche photodetectors (APD) and well studied atomic transitions at this wavelength regime makes it extremely attractive.
As an example of near-visible quantum optics in our high-order-mode nonlinear microresonator, we show correlated narrow-band photon-pair generation in this wavelength regime, which has important application in rubidium or cesium memory-based quantum information networks [40] [41] [42] . Previously, such photon-pairs have been generated via spontaneous four-wave mixing (SFWM) in warm alkali vapor [43] or via spontaneous parametric down conversion (SPDC) in a bulk lithium niobate WGMR [44] and a lithium niobate Fabry-Pérot cavity [45] . PPG in SiN microresonators is promising for quantum information applications due to its scalability and low loss [46] . Moreover, the flexibility in nanofabrication provides ways for better controlling of the photon states [47] [48] [49] and fabrication complexity. Moreover, due to their similarity, both photons can be further manipulated with same devices and be detected with room-temperature high-efficiency silicon-based APD's.
We generate near-visible photon-pairs by driving our microresonator at pump powers below the parametric oscillation threshold. We set our pump at 784.7 nm and use bandpass filters to select photons at 794.8 nm (signal) and 774.9 nm (idler). We verify the photon correlation by measuring the coincidence function g
si (τ ) between the signal and idler. We observe a clear coincidence peak at zero relative delay [ Fig. 4(a) ]. We also observe a significant amount of uncorrelated noise photons which is proportional to the pump power in the bus waveguide (supplementary material). This is due to SiN used in our samples being slightly Si-rich, which generates broadband fluorescence when pumped below 1.1 µm.
This can be overcome by refining the fabrication process to reduce the Si concentration.
Since the FWHM of each resonance is 501 MHz, the theoretical FWHM of g (2) si is 238 ps [51] , which is comparable to the timing jitter of our single-photon counting module (SPCM), and thus cannot be readily resolved in our g si (τ ) measurement. We further characterize the generation rate by measuring the coincidence at different pump power levels. The generation rate is proportional to the square of the pump power as all data points fall on a straight line with a slope of 2 in the log-log plot [ Fig. 4(b) ]. We fit the measurement and achieve a photon-pair generation efficiency of 7.6×10 4 pairs s −1 mW −2 for these narrow-band photons, which is comparable to many other cavity enhanced PPG demonstrations [52] .
Our photon source is also easily tunable by controlling jointly the pump wavelength and the on-chip heater together. We show the tunability by sending the signal through a
Rb vapor cell and tuning it across the D1 transition. Figure 4(c) shows the normalized coincidence rate versus the pump detuning. For stable operation, we blue detune the pump to operate in the soft thermal locking regime [37] . Since this is comparable to the FWHM bandwidth of the resonance, it must be incorporated into the photon model. The photon spectrum has the shape,
where ω is the frequency detuning, ∆ω is the FWHM angular frequency of the resonance, W (can assume both signs) is the combined effect of the pump detuning, dispersion and cross phase modulation (supplementary material). The theoretical curve is calculated by first measuring the Rb atomic density of the cell separately with a laser and the photon wavelength with a wavemeter by driving the ring above threshold. The theoretical transmission versus detuning curve is a convolution of the Rb absorption spectrum and the photon spectrum in
Eqn. (5) . We also notice that a cavity mode interaction is present at the signal resonance, which effectively increases the pump detuning (supplementary material). We leave the pump detuning as the only free parameter to fit the measurement. There are ±1
• C temperature fluctuations and constant air turbulence near the cell due to the heating. Nonetheless, the good agreement between experiment and theory indicates that the properties of photons are well characterized.
V. DISCUSSION
We can take advantage of higher-order mode dispersion engineering for KCG at even shorter wavelengths. The state-of-art modelocked Ti:sapphire oscillator has been shown to produce spectral components below 600 nm [53] , enabling the interaction with more species of clock atoms. Our simulations show that this can also be achieved by higher-order mode Kerr combs with realistic parameters. Following the previous argument, a tighter mode confinement is required to push the anomalous-GVD region to shorter wavelengths. In Fig. 5(a) , we show FEM simulation of a 400 nm × 1000 nm SiN waveguide cladded by
SiO 2 , with a bending radius of 100 µm. The TE 20 mode has a zero-GVD point at 587 nm.
We simulate the corresponding soliton spectrum using the Lugiato-Lefever equation Even though in principle PPG can occur regardless of phase matching, in practice phase matching is required to achieve a high generation rate and to avoid spurious processes.
In our model for PPG with dispersion (supplementary material), we also find that phase matching contributes to the narrowness of the photon bandwidth. Notably, a blue detuned pump balances the phase mismatch that comes from a small anomalous GVD so that both high generation rate and narrow bandwidth can be achieved in this regime.
VI. CONCLUSION
In conclusion, we have shown that dispersion engineering through high-order waveguide modes can compensate for the strong normal material GVD at near-visible and visible wavelengths to realize small or anomalous GVD that is not possible with the fundamental modes.
With this approach, we designed a high-order-mode nonlinear microresonator that generated the first Kerr comb from a near-visible pump on a monolithically integrated chip-based platform. This dispersion engineering capability enables potential applications such as compact atomic clocks, astrocombs and high quality bio-imaging light sources. In addition, we used the same nonlinear microresonator to demonstrate the first silicon-chip-based narrowband near-visible photon source which could enable applications in memory-based quantum information networks.
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I. NORMALIZED PARAMETERS
We rederive the relation between GVD and the normalized GVD parameter with the exact form for b,
where the symbols are explained in the main text. With Eqn.
(1) in the main text and Eqn.
(S1), we get,
Ignoring material dispersion, we get the waveguide GVD,
For our SiN platform, n co ≈ 2.0, n cl ≈ 1.5, the second term is 5 times smaller than the first thus it can be ignored for qualitative analysis. We can also use the B 2 parameter to estimate the actual GVD scaling against the physical quantities such as waveguide height h and index contrast n 2 co − n 2 cl . By plotting Fig. 1(a) of the main text on a log-log scale [ Fig. S1(a) ], we find that away from cutoff frequency, 
II. COUPLING SCHEME ANALYSIS
We qualitatively show the bandwidth of our coupling scheme by simulating the coupling between two slab waveguides. The input waveguide has a width of 500 nm and the coupled waveguide has a width of 1200 nm such that the propagation constant of the TE 0 mode in the input waveguide matches that of the TE 1 mode in the coupled waveguide. We simulate a 16 µm long straight coupling region and find that the coupling strength can vary as much as 10 dB in a wavelength span of 150 nm. We also notice that the longer wavelength side has a larger coupling ratio. This is because at low coupling length regime, the coupling coefficient is more sensitive to mode overlap than wavevector mismatch and modes of longer wavelengths has more power in the evanescent field than that of the shorter wavelengths.
However, a matched wavevector is also important as it guarantees an overall higher coupling efficiency and the excitation of the desired mode. To show this, we simulate the coupling ratio with a mismatched bus waveguide (375 nm). Even though the corresponding mode has more power in the evanescent field than the matched 500 nm bus, it has a significantly lower coupling ratio than the later. Finally, we note that this variation of coupling ratio is not unique to our mode converting coupling scheme. It exists in all broadband microresonantor combs. Experiment description for KCG. Our laser source is an external cavity diode laser at 784 nm amplified by a tapered amplifier. The spatial mode is cleaned up by coupling into an optical fiber and subsequently coupled onto the chip through aspheric lenses. The input coupling loss is measured to be 4.4 dB with negligible propagation loss. We measure 220 mW of coupled power in the bus waveguide. An arbitrary waveform generator (AWG) is electrically connected to the on-chip heaters, which allows us to tune the resonance frequency through the thermal refractive effect. A higher heater power shifts the cavity resonance to the red side. We tune our laser frequency such that it is higher than the cavity resonance frequency at maximum heater power and lower than the cavity resonance frequency at room temperature. The comb is generated by scanning the heater voltage according to Fig. 2(a) .
The output light from the chip is collimated by an aspheric lens and subsequently split into two parts by a beam splitter. Half of the light is delivered into an optical spectrum analyzer (OSA) for spectral characterization and the other half is sent to a photodiode for power and radio frequency characterization.
For our comb interactions with a Rb cell, we use two bandpass filters (3-nm bandwidth)
at 795 nm to pick up one comb line after the collection aspheric lens. We attenuate the power down to 10 µW to avoid saturation in absorption. We then place a 2-cm-long unshielded 85 Rb cell after the filter and subsequently focus the transmitted light down onto a photodiode.
The pump laser is wavelength modulated at 50 Hz while the photodiode output voltage is recorded on an oscilloscope.
Experiment description for photon-pair generation (PPG).
We use the same amplified laser source as in KCG experiments. We use two bandpass filters (3-nm bandwidth) centered at 784.7 nm to reject the amplified spontaneous emission from the amplifier and spontaneous Raman scattering noise from the fiber before coupling the laser onto the chip.
At the output we use a polarizer set for TE polarization to reject 50% of the fluorescence noise. We then use similar bandpass filters to separate the desired signal (transmitted) and idler (reflected) photons. Further filtering is applied to provide enough pump rejection on both arms. Finally, the photons are coupled into optical fibers with black jackets. The filters create filtering losses and mode distortion, resulting in a total collection efficiency of 8.2% for signal and 3.4% for idler, which values are measured by driving the device above threshold. The photons are detected by SPCM's with 70% efficiency and coincidences are measured by a time-tagging module (TTM), which is connected to the SPCM's.
For our photons interactions with a Rb cell, we place the cell in the signal path without altering the setup otherwise. The signal wavelength against pump wavelength is calibrated in the Kerr comb experiment. We lock our pump laser to a wavemeter with an accuracy of 0.01 pm. We use a pump power of 1.2 mW with a photon coincidence rate of 149 s −1 . We then tune the pump wavelength and measure coincidence rate after the cell for at least 2 minutes at each measurement point.
V. THEORY OF CONTINUOUS-WAVE LASER PUMPED PPG
A early theoretical and experimental investigation of PPG from a nonlinear cavity is performed by Ou and Lu [S51] . Under low dispersion and low nonlinearity assumption in a χ (2) cavity, they derived concise results for paired photon statistics. In this section, we use the same framework to study χ (3) cavities and show that the same results apply, given that the parameters are properly redefined. In addition, we develop a full model incorporating dispersion, nonlinear phase and pump detuning and show that these are non-negligible factors in microresonantor based PPG.
Following [S1] , the equation of motion for the signal and idler photons can be written as,
whereâ s (t),â i (t) are the photon annihilation operators for the signal and idler cavity modes, respectively, ω s , ω i are the resonance frequencies for signal and idler, γ 1 and γ 2 are the busring coupling rate and loss rate,â in (t),b in (t) are the corresponding Langevin operators for the two dissipation mechanisms. Under the classical pump assumption, we write the nonlinear HamiltonianĤ N L as,
where E p is the pump field normalized so that |E p | 2 is the classical circulating energy.
R where γ is the nonlinear coefficient, L is the round trip length and t R is the round trip time. Let Ω p be the pump angular frequency, we make the following substitutions,
where m is the number of modes between the signal and the pump. Notice that 1/t R is the free spectral range (FSR), hence Ω s (Ω i ) is the "expected" angular frequency of the signal (idler). This allows us to incorporate pump detuning in our treatment as it is an important tuning parameter in experiments and applications. Equation (S4)-(S5) can then be re-written in frequency domain as,
where ∆ s = Ω s − ω s and ∆ i = Ω i − ω i are the dispersion parameters as discussed later.
Equation (S14) can be solved to find,
With the input-output relation, the output signal field is,
We get,â
with,
Similarly,â
At the limit of low dispersion, low nonlinearity and low pump detuning, that is ∆ s , ∆ i , ǫ ≪ 
and the FWHM correlation time to be,
To understand the photon spectrum in this experiment, we need to return to our full model, which yields a spectrum, We link the parameters in Eqn. (S26) to experimentally accessible values. Up to second order dispersion, we have,
where Q i and Q l are the intrinsic and loaded Q, respectively, β 1 and β 2 are first and second order dispersion coefficients at pump wavelength, ω p is the pump resonance angular frequency, ∆ p = Ω p − ω p is pump detuning, P is input pump power in the bus waveguide, f FSR = 1/t R is the FSR, ∆ MI is the resonance shift caused by mode interactions and L is the round trip length. From Eqn. (S26) we see that the detuning and dispersion effect is contained in the parameter ∆ s + ∆ i and the nonlinear cross phase modulation is contained in the parameter 4ǫ. The low dispersion and low nonlinearity limit requires that ∆ s + ∆ i , 4ǫ ≪ γ 1 + γ 2 . However, by plotting these parameters for our device (Fig. S3) , we notice that their effect is non-negligible for photons far from the pump. Additionally, if the pump is blue detuned (∆ p > 0), which is the soft thermal locking regime, it can counteract with anomalous GVD to reduce the overall dispersion effect. Intuitively, this is because that energy conservation requires signal and idler spectra be symmetric with respect to the pump but anomalous GVD shifts both signal and idler resonance to the blue side so that they are asymmetric with respect to the pump resonance. However, they can be symmetric with respect to a blue detuned pump, in which case the dispersion effect is minimized. As mentioned in the main text, Eqn. (S26) is used to fit the Rb absorption spectrum and the best fit photon spectrum is plotted in Fig. S3(c) . The double-peak feature is caused by a cavity mode interaction around 795 nm, which pushes the signal resonance away from the symmetry point of the idler resonance. As a result, the photon spectrum shows two peaks corresponding to the two shifted resonances. 
VI. FLUORESCENCE FROM SILICON NITRIDE
We first characterize the noise photon behavior by measuring the noise photon count rate in the signal arm. The pump is set off resonance and its power is varied. We plot the noise photon count rate against pump power (Fig. S4a) and find that the scaling is linear, as is expected for fluorescence. We also note that when pump is tuned into resonance, extra Purcell-effect-enhanced fluorescence is produced within the resonance bandwidth.
Next we measure the spectrum of the noise photons with a low-light-level spectrometer.
We set the off resonance pump to the TE mode of the bus waveguide and collect fluorescence from the TM mode with a polarizer. An additional notch filter is used to further reject the pump. We collect light with a multimode fiber to minimize the wavelength dependent coupling variation. The spectral measurement confirms the existence of broad band fluorescence on both sides of the pump. As expected, the lower photon energy side produces stronger
